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Charged anisotropic models for quark stars
Jefta M. Sunzu • Sunil D. Maharaj •
Subharthi Ray
Abstract We perform a detailed physical analysis for
a class of exact solutions for the Einstein-Maxwell equa-
tions. The linear equation of state consistent with
quark stars has been incorporated in the model. The
physical analysis of the exact solutions is performed
by considering the charged anisotropic stars for the
particular nonsingular exact model obtained by Ma-
haraj, Sunzu and Ray. In performing such an analysis
we regain masses obtained by previous researchers for
isotropic and anisotropic matter. It is also indicated
that other masses and radii may be generated which
are in acceptable ranges consistent with observed val-
ues of stellar objects. A study of the mass-radius rela-
tion indicates the effect of the electromagnetic field and
anisotropy on the mass of the relativistic star.
1 Introduction
The Einstein-Maxwell equations describe charged grav-
itating matter which are important in relativistic as-
trophysics, and they model compact objects such as
neutron stars, gravastars, dark energy stars and quark
stars. In the study of such astrophysical compact ob-
jects, the Einstein-Maxwell field equations in static
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spherical spacetimes provide the basis of investiga-
tion, and have therefore attracted the attention of
many researchers. With the help of these equations,
researchers have discovered different structures and
properties of relativistic stellar bodies relevant in as-
trophysical studies. For example, the solutions to
the field equations in static spacetimes obtained by
Thirukkanesh and Maharaj (2008) describe realistic
compact anisotropic spheres whose properties are rele-
vant to stellar bodies such as SAXJ1808.4-3658. These
solutions contain masses and central densities that cor-
respond to realistic stellar bodies. Recently the models
for charged matter generated by Rahaman et al. (2012)
describe ultra compact astrophysical objects. The solu-
tions obtained by Kalam et al. (2012) describe charged
compact objects and are compatible with well known
stars. This indicates that the Einstein-Maxwell field
equations have many applications in the study of rela-
tivistic astrophysical objects.
Pressure anisotropy is an important ingredient in
many stellar systems in the absence of charge. Since
the pioneering paper by Bowers and Liang (1974), who
were the first to consider pressure anisotropy in the
study of anisotropic spheres in general relativity, there
has been extensive research in this direction. It was
established by Dev and Gleiser (2002) that pressure
anisotropy has a significant effect on the structure and
properties of stellar spheres. In particular it was shown
that both the maximummass and the redshift vary with
the magnitude of the pressure anisotropy. For a posi-
tive measure of anisotropy, the stability of the sphere is
enhanced when compared to isotropic configurations,
and anisotropic distributions are stable for smaller
adiabatic index values as shown by Gleiser and Dev
(2004) and Dev and Gleiser (2003). Other uncharged
anisotropic models with spherical symmetry include
Mak and Harko (2003, 2005), Harko and Mak (2002),
Karmakar et al. (2007), Maharaj and Chaisi (2006a,b),
2and Chaisi and Maharaj (2005, 2006a,b). It is interest-
ing to note the paper of Ivanov (2010) which showed
that anisotropic models with heat flow can absorb the
addition of charge, viscosity and convert null fluids to
a perfect fluid.
It is important for many applications to include the
electric field in stellar models. In particular, models
with electric field permit causal signals over a wide
range of parameters as illustrated by Sharma et al.
(2001). It has been shown by Ivanov (2002) that the
presence of the electric field significantly affects the red-
shift, luminosity and mass of the compact object. Most
of the models that include an electromagnetic field dis-
tribution are isotropic; these include the new classes of
solutions obtained by Maharaj and Komathiraj (2007),
Komathiraj and Maharaj (2007a,b), Thirukkanesh and
Maharaj (2006, 2009) and Maharaj and Thirukkanesh
(2009a). Other stellar models that describe charged
bodies with isotropic pressures are given by Chat-
topadhyay et al. (2012), Gupta and Maurya (2011a,b)
and Bijalwan (2011). There are fewer research papers
that include both anisotropic pressures and electro-
magnetic field distributions. The presence of pressure
anisotropy with an electric field enhances the stabil-
ity of a configuration under radial adiabatic perturba-
tions compared to the matter with isotropic pressures.
Stellar models containing both pressure anisotropy
and electric field include compact objects admit-
ting a one-parameter group of conformal motions of
Esculpi and Aloma (2010), the generalized isothermal
models of Maharaj and Thirukkanesh (2009b), the stel-
lar models of Thirukkanesh and Maharaj (2008), and
the regular compact models of Mafa Takisa and Maharaj
(2013a). Other charged anisotropic models are those of
Rahaman et al. (2012) and Maurya and Gupta (2012).
However most of these models have the anisotropy
parameter always present, and they do not contain
isotropic solutions as a special case. It is important
to build physical stellar models in which the anisotropy
vanishes for an equilibrium configuration.
Different forms of the barotropic equation of state
have been applied together with the field equations
to find exact models that govern relativistic compact-
gravitating objects such as dark energy and quark
strange stars (hybrid stars). Thirukkanesh and Ragel
(2012) have found exact solutions for the uncharged
anisotropic sphere with the polytropic equation of
state for particular choices of the polytropic index.
Mafa Takisa and Maharaj (2013b) used the same gen-
eral polytropic equation of state, and obtained exact
solutions for field equations in the presence of the elec-
tromagnetic field and anisotropic pressures. Shibata
(2004) studied the stability of rotating bodies and
Lai and Xu (2009) indicated that large amounts of
gravitational energy are released in the gravitational
collapse of polytropes. Other treatments on polytropes
include the results of Tooper (1964), Nilsson and Uggla
(2001), Kinasiewicz and Mach (2007) and Heinzle et al.
(2003). Maharaj and Mafa Takisa (2012) and Fer-
oze and Siddiqui (2011) found exact solutions of the
Einstein-Maxwell field equations for charged anisotropic
stars using a quadratic equation of state. There have
been many anisotropic and charged exact models with
a linear equation of state: Mafa Takisa and Maharaj
(2013a) generated compact exact models with regular
distributions, Thirukkanesh and Maharaj (2008) found
models consistent with dark energy stars and quark
stars, Maharaj and Thirukkanesh (2009b) generated
anisotropic isothermal models, Sharma and Maharaj
(2007) found models consistent with quark matter, and
Esculpi and Aloma (2010) generated conformally in-
variant spheres. However, in general, most of these
models do not regain charged isotropic models. Some
analytical solutions to the field equations with a lin-
ear quark equation of state for charged isotropic stars
were found by Komathiraj and Maharaj (2007c). Us-
ing the same equation of state, Sotani and Harada
(2003), Sotani et al. (2004), and Bombaci (2000) anal-
ysed quark stars with isotropic pressures. There has
been an extension of the linear quark equation to in-
clude anisotropic pressures in modeling the behaviour
of strange stars by Rahaman et al. (2012), Kalam et al.
(2013), and Mak and Harko (2002).
It should be noted that the microscopic effects of the
strange quark matter coming from strong interactions
of QCD (e.g., see Dong et al. (2013) and Dey et al.
(1998)) are all encrypted in the final form in the equa-
tion of state of matter. We study the general relativistic
behaviour of these equations of states, by employing a
linear approximation for these strange matter equation
of states. Such approximations of the equation of states
can be found in the literature in the study of various
properties of compact stars. The linear approximation
of the strange quark matter equation of state has been
used by Zdunik (2000) to study the quasi periodic oscil-
lation (QPO) frequencies in the Lower Mass X-ray Bi-
naries (LMXBs). Gondek-Rosinaka et al. (2000) used
the linear approximation of strange matter to compute
the mass shedding limit of strange stars.
Recently a class of exact isotropic solutions of Ein-
stein’s equations for non-rotating relativistic stars has
also been studied by Murad and Pant (2014). They
also comment that as strange stars are not purely grav-
itationally bound; they are bound by strong interac-
tions. Study of the same in the light of modified
gravity theories should not produce any difference in
3the mass-radius relation. In this context, although
Astashenok et al. (2013) showed that there is an in-
crease in the mass of neutron stars in the f(R) = R +
R
(
e−R/R0 − 1
)
gravity model, Ganguly et al. (2014)
showed that for the f(R) = R + αR2 model (and sub-
sequently many other f(R) models where the unique-
ness theorem is valid) the existence of compact com-
pact astrophysical is highly unnatural. This is because
the equation of state of a compact star should be com-
pletely determined by the physics of nuclear matter at
high density, and not only by the theory of gravity.
The objective of this paper is to perform a detailed
physical analysis of the particular exact solutions to
the Einstein-Maxwell system of equations with a linear
quark equation of state for charged anisotropic stars ob-
tained by Maharaj et al. (2014). In performing such a
physical analysis we seek to regain models with masses
and radii obtained by other researchers, and show that
other masses contained in our model are in acceptable
ranges. We also seek to compare masses and radii by
considering anisotropic and isotropic pressures. This
analysis shows that the relevant class of exact solutions
with a quark equation of state has astrophysical signif-
icance.
2 The model
We model the stellar interior with quark matter in gen-
eral relativity. The spacetime geometry is spherically
symmetric and given by
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2 θdφ2), (1)
where ν(r) and λ(r) are the gravitational potentials.
The Reissner-Nordstrom line element
ds2 =
−
(
1−
2M
r
+
Q2
r2
)
dt2 +
(
1−
2M
r
+
Q2
r2
)−1
dr2
+r2(dθ2 + sin2 θdφ2), (2)
describes the exterior spacetime. The quantitiesM and
Q define the total mass and charge of the star, respec-
tively. The energy momentum tensor is defined by
Tij = diag
(
−ρ−
1
2
E2, pr −
1
2
E2, pt +
1
2
E2,
pt +
1
2
E2
)
, (3)
in the presence of charge and anisotropy. The en-
ergy density (ρ), the radial pressure (pr), the tangen-
tial pressure (pt), and the electric field intensity (E)
are measured relative to a comoving fluid four-velocity
ua(uaua = −1).
The Einstein-Maxwell field equations are given by
1
r2
(
1− e−2λ
)
+
2λ′
r
e−2λ = ρ+
1
2
E2, (4a)
−
1
r2
(
1− e−2λ
)
+
2ν′
r
e−2λ = pr −
1
2
E2, (4b)
e−2λ
(
ν′′ + ν′
2
− ν′λ′
+
ν′
r
−
λ′
r
)
= pt +
1
2
E2, (4c)
σ =
1
r2
e−λ
(
r2E
)′
, (4d)
where primes denote differentiation with respect to the
radial coordinate r. The function σ represents the
proper charge density. The equation of state is linear
and of the form
pr =
1
3
(ρ− 4B) , (5)
where B is a constant related to the surface density
of the stellar body representing a sharp surface. If we
consider the MIT bag model for quark stars, then B
can also be identified with the bag constant.
We introduce a new independent variable x and de-
fine the metric functions Z(x) and y(x) as
x = Cr2, Z(x) = e−2λ(r), A2y2(x) = e2ν(r), (6)
where A and C are arbitrary constants following
Durgapal and Banerjee (1983). With this transforma-
tion the line element in (1) becomes
ds2 = −A2y2dt2+
1
4xCZ
dx2+
x
C
(dθ2+sin2 θdφ2). (7)
The Einstein-Maxwell field equations become
ρ = 3pr + 4B, (8a)
pr
C
= Z
y˙
y
−
Z˙
2
−
B
C
, (8b)
pt = pr +∆, (8c)
∆ =
4xCZy¨
y
+ C
(
2xZ˙ + 6Z
) y˙
y
+C
(
2
(
Z˙ +
B
C
)
+
Z − 1
x
)
, (8d)
E2
2C
=
1− Z
x
− 3Z
y˙
y
−
Z˙
2
−
B
C
, (8e)
σ = 2
√
ZC
x
(
xE˙ + E
)
, (8f)
where dots represent derivatives with respect to the
variable x. The quantity ∆ = pt − pr is called the
4measure of anisotropy. We introduce the mass function
given by
M(x) =
1
4C
3
2
∫ x
0
√
ω
(
ρ∗ + E
2
)
dω, (9)
where
ρ∗ =
(
1− Z
x
− 2Z˙
)
C, (10)
is the energy density when the electric field E = 0.
Some solutions to the system (8), applicable to quark
matter, were presented in Maharaj et al. (2014). In
that model it was assumed that:
y = (a+ xm)
n
,
∆ = A0 +A1x+A2x
2 +A3x
3.
For particular choices of the parameters m and n it is
possible to integrate the Einstein-Maxwell system ex-
actly. The choice of anisotropy ensures isotropic pres-
sures can be regained. To ensure that the anisotropy
vanishes at the stellar centre we should set A0 = 0.
Here we consider a particular solution of Maharaj et al.
(2014) that enables us to perform a detailed physical
analysis. The particular solution that we can utilize can
be written in terms of analytical functions, and this is
presented in the Appendix. Note that this generalized
class of models with a quark equation of state contains
the nonsingular solutions of Komathiraj and Maharaj
(2007c) with isotropic pressures.
3 Stellar masses
Our exact solutions are more general than earlier treat-
ments and have the flexibility of allowing for the fine-
tuning of the parameters. The right choice of parame-
ters in the multi-dimensional parameter space enables
us to regain the stellar masses of compact bodies pre-
viously identified by many other research groups. To
start with, we make the following transformations:
A˜1 = A1R
2, A˜2 = A2R
2, A˜3 = A3R
2,
B˜ = BR2, C˜ = CR2, a˜ = aR2,
where R takes the same unit as x, and in order to match
with the realistic units, it is renormalised by a factor
of 43.245, i.e., R = 43.245x. In the literature, we find
many observed and analysed charge-neutral compact
star masses, varying from 0.9 M⊙ to 2.01 M⊙. The
studies of charged stars however allow for more mass
in the stable configuration. In our present study, we
aim to regain masses of some of the observed compact
stellar bodies for the uncharged cases identified to be
strange stars, thereby narrowing the parameter ranges
in our model for the existence of such objects. For the
charged cases, we follow the same exercise to regain
the values of the theoretically obtained masses for the
charged stars.
In particular, for the electrically charged strange
quark stars, we have regained the mass M = 2.86M⊙
with radius r = 9.46 km consistent with mass and
radius obtained by Mak and Harko (2004), the mass
M = 2.02M⊙ with radius r = 10.99 km consis-
tent with the object found by Negreiros et al. (2009),
and the mass M = 1.433M⊙ with radius r = 7.07
km consistent with the particular results obtained by
Thirukkanesh and Maharaj (2008) and Mafa Takisa
and Maharaj (2013a).
Charged compact stars have been identified as quark
stars: the mass M = 1.67M⊙ with radius of 9.4 km
consistent with the star PSR J1903+327 is discussed
by Freire et al. (2011) and Gangopadhyay et al. (2013),
and the massM = 1.433M⊙ with radius of 7.07 km was
found by Dey et al. (1998) in their strange star models.
Parameter values which give these masses and radii in
our model are given in Table 1.
4 Physical analysis
Although numerically we could regain the values of
masses and radii of many previously obtained stel-
lar models, a systematic study of the variation of the
anisotropic parameters in our model is also necessary.
To this end, we study the effect of anisotropic parame-
ters A˜1, A˜2 and A˜3 on masses and radii of stellar bodies,
by varying one parameter at a time and keeping the oth-
ers fixed. Also, to make the effects more pronounced,
we have chosen a few sets of parameters so as to give
a value of the mass-radius relation in the acceptable
range. The surface of the anisotropic star is considered
to be a point of vanishing radial pressure. Also, in our
most general solution we have set A˜1 = A˜2 = A˜3 = 0
so as to obtain the isotropic model.
Table 2 shows different masses and radii for isotropic
and anisotropic stars for different choices of parame-
ters. This study shows that the masses and radii of the
anisotropic stars are less than the corresponding quan-
tities for isotropic stars for most of the values of the
parameters chosen. However, the model indicates that
there are also some values of the parameters which give
the mass and radius of the anisotropic star greater than
the corresponding value for the isotropic star. This is
shown in the last row (R6) which indicates small val-
ues of radii but greater masses for both anisotropic and
